In Praise of 
AN Elementary Identity of Euler 



o 

(N 



<N 
O 



Gaurav Bhatnagar 
Educomp Solutions Ltd. 
bhatnagarg@gmail.com 

June 7, 2011 



Q Dedicated to S. B. Ekhad and D. Zeilberger 

u 

^ Abstract 

a 

^ We survey the applications of an elementary identity used by Euler in one of 

his proofs of the Pentagonal Number Theorem. Using a suitably reformulated vcr- 
sion of this identity that we call Euler's Telescoping Lemma, we give alternate 
proofs of all the key summation theorems for terminating Hypergeometric Series 
l/^ and Basic Hypergeometric Series, including the terminating Binomial Theorem, the 

Chu-Vandermonde sum, the Pfaff-Saalschiitz sum, and their g-analogues. We also 
give a proof of Jackson's g-analog of Dougall's sum, the sum of a terminating, bal- 
anced, very-well-poised 84*7 sum. Our proofs are conceptually the same as those 
obtained by the WZ method, but done without using a computer. We survey iden- 
titles for Generalized Hypergeometric Series given by Macdonald, and prove several 
J> identities for g-analogs of Fibonacci numbers and polynomials and Pell numbers 

^ that have appeared in combinatorial contexts. Some of these identities appear to 



be new. 
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1 Introduction 



One of the first results in g-series is Euler's 1740 expansion of the product 

into a power series in q. This expansion, known as Euler's Pentagonal Number Theorem 
is (for |g| < 1): 



;i-g)(l-g2)(l-g3) 
= 1-^ 

V^/ , / fc(3fc-l) fc(3fc+l) 

k=l 



l-q-q^ + + 0^ + 



In his proof (explained by Andrews |1] and Bell [H]) Euler used the following elementary 
identity: 

(1 + Xi)(l + X2)(l + X3) ■ ■ ■ = (1 + Xi) + X2(l + Xi) + X3(l + Xi)(l + X2) + ■ ■ • (1.1) 

Add the first two terms of the RHS to get (1 + Xi)(l + X2) and then add that to the third 
term. Continue in this manner. 



The objective of this paper is to demonstrate that this beautiful idea (1.1), first used by 
Euler more than 250 years ago, can be used to prove many identities — of many kinds — in a 
unified manner. As a demonstration of its power, we survey a wide selection of identities. 



all proved using (1.1). 

We begin our survey of identities in ^with the Fibonacci identity 

Fi + F2 + ■ ■ ■ + F„ = F„+2 - 1, 
for the sequence F„ given by: Fq = 0, Fi = 1; and for n > 0, 

Fn+2 = Fn+l + Fn- 

This famous identity (due to Lucas in 1876) is a well-known example of a telescoping sum. 



Indeed, a key idea of our work is that we recognize (1.1) as a telescoping sum. Then it is 
a small matter to show that any sum that telescopes is a special case of this elementary 
identity. Thus we have a characterization of a telescoping series that we call Euler's 
Telescoping Lemma (see ^and Q. 



Another important sum that follows from Euler's Telescoping Lemma is the formula for 
the sum of the geometric sequence 



l + x + a;2 + -- - + a;" = — , 

X — 1 



where x 7^ 1. Indeed, this formula is just the first in a set of summation theorems for 
the so-called Hyper geometric series, and their g-analogs, the Basic Hypergeometric Series. 
In ^ ^ and ^ we prove all the key terminating summation theorems for these series, 
beginning with the Binomial Theorem, and going up to Jackson's g-analog of Dougall's 
sum for a terminating, very-well-poised and balanced 80? series (Gasper and Rahman [211 
eq. (2.6.2)]). 

In proving these identities, we use the WZ trick, an idea due to Wilf and Zeilberger [H] 
to rewrite a given sum in a way that it becomes a likely candidate for telescoping. Con- 
ceptually, our proofs are the same as those found by the WZ method. However, instead 
of using a computer, we use Euler's idea to manually find the telescoping. For many ex- 
amples, doing so is quite easy — almost as easy as using a computer. We call our method 
the EZ method, given that it rests on an application of Euler's idea and the WZ trick. 
This method is outlined in ^ 

Another example comes from Ramanujan (see Berndt [9j Entry 25, p. 36]), who found a 
formula for the sum of n -|- 1 terms of the series 

X + ai (x + ai)(x + a2) (x + ai)(x + a2)(x + 03) 

Ramanujan's sum (given in Q has a general sequence as a parameter. In ^we provide 
extensions of Ramanujan's identity due to Macdonald, the author of |i32jj (see Bhatnagar 
and Milne ^Q\)- We call these series Generalized Hypergeometric Series. 

Finally, in §10} we show that Euler's Telescoping Lemma is relevant even today by de- 
riving identities for many combinatorial sequences. These sequences satisfy a three-term 
recurrence relation, and are g-analogs of the Fibonacci or Pell sequences. We derive many 
identities found earlier by Andrews [3], Garrett [19], Briggs, Little and Sellers [12|, Goyt 
and Mathisen [23] and others. 

In addition, we find many new identities for such sequences. In fact, we write down 
a general set of identities satisfied by all sequences that satisfy a three-term recurrence 
relation of the form: 

These identities are generalizations of 6 classical Fibonacci identities, that follow from 
Euler's identity. 



2 Euler's Elementary Identity and Telescoping 



In this section, we recognize Euler's elementary identity as a telescoping sum. First note 



that the finite form of (1.1) is: 



{l + Xi){l + X2)---{l + Xn) 
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(1 + Xi) + X2(l + Xi) + ■ ■ ■ + X„(l + Xi)(l + X2) ■ ■ ■ (1 + Xn-l). (2.1) 



To recognize (2.1) as a telescoping sum, set i— )■ — 1 to obtain: 

X1X2 ■ ■ ■ Xn = Xi + {X2 - l)Xi H h (X„ - l)XiX2 " " " Xn-l 

= 1 + (Xi - 1) + (X2 - l)Xi H h (X„ - l)XiX2 ■ ■ ■ X„_i. 

We can write this as: 



X\X2 ' ' ' Xj 



- 1 = ^(Xfc - l)XiX2 ■ ■ ■ Xk-l- 



k=l 



Here the product X1X2 ■ ■ ■ Xk-i is considered to be equal to 1 if = 1. 
It is now clear that the RHS telescopes. 

For applications, it is convenient to rewrite this by setting Xk ^ u^/vk and Wk = Uk — Vk- 
In this manner, we obtain: 



n 



- 1, 



k=l 



V1V2 ■■■Vk V1V2 ■■■Vn 



(2.2) 



where Wk = Uk — Vk- 



Remark. While it looks like (2.2) has many more variables than (2.1), the two identities 
are equivalent. We can recover ( 2.1[ ) by setting Vk = I and -Ufc ^-^ x^ + 1 in (2.2). 

Example 2.3 (Fibonacci Identities). Consider the Fibonacci Numbers defined as: Fo = 
0, Fi = 1; and for n > 0, 

Fn+2 = Fn+l + Fn- 

Then the following identities hold, for n = 0, 1, 2, . . . .• 



Fk — Fn+2 — 1- 

k=l 
n 



2k — -r2n+l 



- 1. 



k=l 



2k-l — J^2n- 



k=l 



1 

n 

'^F^ = FnFn+l- 



k=l 



j2i-^)'^'Fk+, = {-ir~'Fn. 

Fn+2 



k=l 



E^k-1 
Ok 



1 - 



(2.4) 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
(2.9) 



k=l 
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Remark. Some of these identities are due to Lucas and appear in Vajda There are 
many more Fibonacci Identities that can be proved by telescoping and are special cases 
of 0^. 



Proof. To prove the first identity, we set Uk = Fk+2-, and Vk = -Ffc+i- Note that Wk 
Fk+2 — Fk+\ = Fk- Substituting in (2.2), we obtain: 

F3F4 ■ ■ ■ Fk+l F^Fi ■ ■ ■ Fn+2 



k=l 



F2F3 ■ ■ ■ Fk+l F2F3 ■ ■ ■ Fn+l 



1, 



or 



Fk/ F2 — Fn+2/ F2 — 1. 

k=l 



Since F2 = 1, we immediately obtain (2.4). 

Next, set Uk = F2k+i, and Vk = F2k-i- Note that Wk = F2k+i - -^2^-1 = F2k + F2k-i - 
F2k-i = F2k- Substituting in (2.2), we obtain: 

n 

F2k/ Fi = F2n+l/ Fi — 1. 

fc=l 



Since Fi = 1, we immediately get (2.5). 



Next, set Uk = F2k+2, and Vk = F2k- Note that Wk = -Pjfc+i- Substituting in (2.2), we 
obtain: 



^^-^2fc+l/-^2 — F2n+2/F2 — 1. 



fc=l 



Since F2 = 1, we get 



Now note that: 



F2k+l — F2n+2 — 1- 



fe=i 



For,A-0 — 1 



2fc+l — J^2n+2 

k=l 
n 

1 + F2k+1 = F2n+2 

k=l 

n+1 



E^^ 



2fc-l — -r2n+2- 



k=l 



Identity (2.6) now follows by setting n 1— t- — 1. 
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Next, set Uk = Fk+iFk+2, and Vk = F^F^+i- Note that Wk = -Ff+i- Substituting in (2.2), 
we obtain: 



^k+i/ -^1-^2 - Fn+iFn+2/ F1F2 - 1. 



k=l 



Since Fi = 1 = F2, we get 



Now note that: 



A;=l 



~ Fn+lFn+2 - 1 

fe=l 
n 

fc=l 
n+1 

XI "^^^ ^ ^n+lFn 



n+2 



n+2- 



k=l 



Identity (2.7) now follows by setting n n — 1. 



Next, to obtain ( |2.8 ) set = F^+i, and Vk = —Fk- Note that Wk = Fk+2- Substituting in 

n 



(2.2 ), we obtain: 



k=l 



Now use Fi = 1, and set n H- n — 1, to obtain (2.8). Here too we need to make calculations 
such as in the proof of (2.7). 



Finally, to obtain (2.9) set = Fk+2, and Vk = 2Fk+i. It is easy to show that Wk = —F^-i. 
Substituting in (2.2), we obtain: 



k=l 



2kp 2"Fo 



Now use F2 = 1, and multiply both sides by —1 to obtain (2.9). 



3 Euler's Telescoping Lemma 

In this section, we write Euler's identity to fit the form of most identities. Specifically, 
we re- write Euler's identity so that: 



the index of summation of the sum in (2.2) ranges from k = to n. 
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the summand is 1 for k = 0. 



For the first item, we need to define products as follows: 

AkAk+i ■■■Am a m>k, 

1 a m = k — 1, 

{Am+iAm+2 ■ ■ ■ Ak-i)~^ iim<k-2. 

Remark. This definition is motivated by our desire to ensure that 



j=k 



(3.1) 



1[aA xAm = l[Aj 

^j=k / j=k 



The reader should verify that if (3.2) holds, then 





and 



i=i 



1 

Ao' 



These are consistent with definition (3.1) 



(3.2) 



For the second item, that is, to ensure the summand becomes 1 when the index of sum- 



modification to the RHS of (2.2). In this manner, we obtain: 



mation is we multiply both sides of (2.2) by Uq/wq. We also have to make a minor 



Theorem 3.3 (Telescoping Lemma (Euler)). Letuk, and Wk he three sequences, such 
that 



Then we have: 



fc=0 



Uk-Vk = Wk- 



Wk UqUi ■ ■ ■ Uk-1 Uo / U1U2 ■■■Un f 



Wo V^1^2---fr. 



provided none of the denominators in (3.4) are zero. 
Proof. Observe that: 



n 

Wk UqUi ■ ■■Uk-l 

f-' Wo V1V2 ■■■Vk 
k=0 


n 

= E 

k=Q 


-ill 




fc-1 

-n 

i=i 




_ Uo 


f UIU2 ■ ■ 


■Un 


_ ^^0 




Wo 


V V1V2 ■ ■ 


■Vn 


Uo 



U,: 



by telescoping. 



(3.4) 
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Our next example is the sum of a Geometric sequence. 
Example 3.5 (Geometric Sum). For x ^ 1, we have: 



E 

k=0 



X 



X 



X — 1 



Proof. Take Uk = x, and f ^ = 1 in (3.4). Then Wk = x — 1 = wq. We obtain 



(x — 1) x^ X /a;" 1 
(x - 1)T 



X — 1 \ 1 X 



This gives us, on simplification: 



E 

k=0 



X 



71+1 



X 



X — 1 



(3.6) 



In the form (3.4) the Telescoping Lemma was used by Macdonald to generalize some results 



of Chu [16] (see [TO] and In the form (2.1), Euler's identity has been attributed 
to Schlomilch [3^1 pp. 26-31] by Gould (see [2S])- Another formulation was given by 
Ramanujan (see Berndt P Entry 26, eq. (26.1), p. 27]). Spiridonov [36j mentions an 
equivalent formulation that the referee indicated is "the general construction of telescoping 



sums". Indeed, we shall soon find that (3.4) is a characterization of telescoping sums 



4 Telescoping Sums 



We now show that any sum that telescopes is a special case of Euler's Telescoping Lemma. 
This is easy to see. A telescoping sum is of the form 

f{k + l)- f{k) = ak. 
If we sum from A; = to n, we obtain, by telescoping. 



/(n+l)-/(0) = ^ 



(4.1) 



fc=0 



To recover (4.1) from the Telescoping Lemma ( 3.4[ ), set 



and Vk = f{k). 
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Thus, we have: Wk = Uk — Vk = a^- Note that 



and (3.4) yields 



UqUi ■ ■ ■ Uk-i = V1V2 ■■■Vk = /(l)/(2) ■ ■ ■ /(/c), 



^ok^m / /(2)/(3)---/(n+i) _ m\ 

f-ao ao ^ /(l)/(2)---/(n) f{l)) 



k=0 



ao 



(/(n + l)-/(0)). 



Multiplying both sides by ao we obtain (4.1) as required 



Remark. Since every telescoping sum is a special case of the Telescoping Lemma, we 
can argue that the Telescoping Lemma is a characterization of telescoping identities. So 



if we know that a sum telescopes, we can be sure it is a special case of (3.4). The many 



examples in this paper should convince the reader that this characterization is quite useful 
in practice. 



Our next example is about a product that seems to be made for telescoping 
Example 4.2. We have, for m = 0, 1, 2, . . . 

n ^ 

k(k + 1) ■ ■ ■ (k + m - 1) = (n(n + 1) ■ ■ ■ (n + m)) . 

m + 1 



(4.3) 



k=l 



Proof. We take 



Then note that 



Uk = {k + l){k + 2) ■ ■ ■ {k + m + 1), and 
Vk = Uk-i = k{k + 1) ■ ■ ■ (A; + m). 



Wk = Uk - Vk = {m + l){k + l){k + 2) ■ ■ ■ {k + m), 
and wq = {m + l)m\ = (m + 1)!. 



Substituting in (3.4) now gives us: 



E 

fc=0 



{k + l){k + 2)---{k + m) {n + l){n + 2) ■ ■ ■ {n + m + I) 



ml 



ml 



Note that Vq = 0, so the second term on the RHS of (3.4) is 0. 
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Now multiplying both sides by m!, we obtain: 

(n + l)(n + 2) ■ ■ ■ (n + m + 1) 



^(A; + l)(A; + 2)---(A; + 



171+ 1 
k=0 



Finally, we write the sum from A; = 1 to n + 1 by replacing k hj k — 1 in each term of the 



LHS, and then replace n by n — 1 to obtain (4.3). 



Remark. Set m = 1 in (4.3) to obtain 

n ^ 

J2k = -{nin + l)), 

k=l 

the famous formula for the sum of the first n natural numbers. 

The products appearing in the sum above are called rising factorials. We use the 
following notation for the rising factorials 



if m = 0, 

x{x + 1) ■ ■ ■ (x + m — 1) if m > 1. 



In this notation, the sum (|4.3|) becomes 



= — rHm+i- (4.4) 

k=i 



Another notation (given by [22]) used for rising factorials is 



In this notation, the identity is even more suggestive: 

\"k"' = n'"+^ 



k=l 



The reader may enjoy proving (using the Telescoping Lemma) a similar identity where 
the rising factorials come in the denominator: 

^^k{k + l)---{k + m) m\m\ (n + l)(n + 2) ■ ■ ■ (n + m) / ' 
for m = 1, 2, 3, . . . . This identity (for m = 1) is used to show that the series 



oo ^ 

^ k(k + l] 



:[k{k + 

converges. 

The next identity, due to Ramanujan, appeared in van der Poorten's charming exposition 
[38] of Apery's proof of the irrationality of C(3)- 
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Example 4.6 (Ramanujan). Let n be a non-negative integer and let x and be such 
that the denominators in (4.7) are not zero. Then we have: 



fc=0 



aia2 ■ ■ ■ CLk 



{x + ai){x + 02) ■ ■ ■ (x + flfc+i) 



1 



0-10,2 ■ ■ ■ On+1 



X x{x + Oi){x + 02) ■ ■ ■ {x + a„+i) 



(4.7) 



Remark. Identity (4.7) is Entry 25 in Volume 4 of Ramanujan's Notebooks edited by 



Berndt P, p. 36], where it is proved by induction. The next result, Entry 26 P, eq. (26.1), 



p. 27] is equivalent to Euler's Telescoping Lemma (3.4). 



Proof. We take 



Uk = Ok+i and 

Vk = X + Ok+i. 



Then note that Wk = Uk — Vk = —x = wq- Substituting in (3.4) now gives us: 

n 

ai02 ■ ■ ■ Ok 



E 

k=0 



(x + 02) (x + ag) ■ ■ ■ (x + a^+i) 



Ol 



02- ■ ■ On+l 



(X + Ol) 



X (x + 02) (x + as) ■ ■ ■ (x + On+l) X 

Now divide both sides by (x + ai) to obtain Ramanujan's identity. 



Some extensions of Ramanujan's results appear in 



5 The WZ Trick and the EZ method 

We know that all telescoping sums are special cases of Euler's Telescoping Lemma. So if 
we know that an identity telescopes, then we can try to prove it by finding u and v such 
that the sum becomes a special case of the Telescoping Lemma. But how do we know that 
a sum telescopes? It turns out that the sum telescopes for a large number of identities, 
once we apply a small trick of Wilf and Zeilberger [H], see |33l ch. 7] or [7, p. 166]. We 
call this trick the WZ trick. It is an important step of the WZ method given by Wilf and 
Zeilberger, described in |j33i ch. 7]. 

Suppose we have to prove a terminating identity in the form: 

^ LHSin, k) = RHS{n). (5.1) 

k=0 
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By dividing both sides by RHS{n) we get an identity of the form: 

n 



(5.2) 



fc=0 



Assume that the sum terminates naturally, that is, F{n, k) = if k > n. Then we have: 

n+l 



^(F(n + -F(n, k)) = 0. 



k=0 



In the WZ method, we try to write this sum as a telescoping sum in k. That is, we try 
to find G{n, k) such that: 



F{n + l,k)- F{n, k) = G{n, k) - G{n, k-1). 
Now if by summing both sides over k, we find that 

Y,{F{n + l,k)-F{n,k)) = 0, 



(5.3) 



then we have the result: 



F{n, k) = constant. 



Finally, to prove the identity (5.1), we need to verify the identity (5.2) for n = 0. 



prove any identity of the form (5.1) is as follows: 



Our approach is to fit the LHS of (5.3) into the Telescoping Lemma. The approach to 



The EZ Method to Prove Identities 



Step 1. Divide both sides by RHS{7i) to obtain (5.2). 
Step 2. Compute F{n + 1, fc) - F{n, k). 

Step 3. Find Uk and Vk such that the difference in Step 2 is (a multiple of) the summand 



on the LHS of (3.4). 



Step 4. Sum over k using the Telescoping Lemma, and verify the sum is 0. In all the 
examples below, this happens because Un+i = and vq = 0. 



Step 5. Step 4 shows that the sum in (5.2) is a constant. Verify that the sum is 1 at n = 
to finish the proof. 

The following example should help the reader understand the method. This is an identity 
that follows from the Binomial Theorem and is the simplest possible example that shows 
all the interesting features of this method. 
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Example 5.4. Let n = 0, 1, 2, 3, . . . . Then we have: 



E - 2" (5.5) 

fc=0 



Proof. The first step is to divide both sides by 2" to obtain 

fe=0 

Now let 

-("■^)^^- 

We compute F(n + 1, fc) — F{n, k) to obtain: 

(-1)' f{-n-l)k {-n)f 



F{n + l,k) - F{n,k) 



k\ \ 2"+i 2" 



Now note that 



((-n-l)fc-2(-n)fc) 



(-ra - l)fe - 2(-n)fc 

= (-n)(-n + 1) ■ ■ • (-n + A; - 2) (-n - 1 - 2(-n + A; - 1)) 

, n — 2A; + 1 , 
= -1 —i-n - 1 fc. 

Thus we have: 

(-1) (n-2k + l {-lf{-n - 1); 



F{n + l,fc) - A;) 



We have now reached a stage where we can apply the Telescoping Lemma (3.4). We set 



Uk = (-l)(-n -l + k) = {n-k + 1) 
and Vk = k 

We find that Wk = Uk — Vk = n — 2k + 1 and i^o = + 1. Thus we have, with Uk, Vk and 
Wk as above: 

fc=0 A:=0 U 1 ^ « 

(-1) Uq f U1U2 ■ ■ ■ Un+1 Vq 



2"+l Wq \ V1V2 ■ ■ ■ Vn+l Uq 
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Now note that u 



■n+i = and Vq = 0, so the RHS is 0. Thus we have 

n+l 

{F{n + 1, A;) - F(n, k)) = 0. 

k=0 



Thus the sum 



k=0 



is a constant. We now verify that the sum is 1 for n = 0, and so the constant is 1. This 



completes the proof of (5.5). 



Remark. Note that the numerator of the summand in (5.5) has the factor 



{-n)k = {-n){-n + 1) ■ ■ ■ {-n + k - 1). 

This factor makes the sum terminate naturally, that is, when k > n, the terms of the sum 
become 0. 

Corresponding to this factor, we have a factor Uk = —n — 1 + k. Note that Un+i = which 



makes the first term of the RHS of (3.4) become 0, when k = n + l 



Similarly, note the factor k\ in the denominator of the summand in (5.5). If we view it as 

1 1 



k\ V{k + l) 

then we see that this factor is when is a negative integer. It makes the sum terminate 
naturally from below. 

Corresponding to this factor we have Vk = k. Thus Vq = 0, and this ensures the second 



term of the RHS of (3.4) is 0. 



In many of our examples, Uk has the factor —n — 1 + k and Vk the factor k. 



Remark. When is it a good idea to apply (3.4) directly, without using the WZ trick? We 



try (3.4) directly when the sum does not have a factor that terminates the sum naturally. 



These kind of sums are called indefinite sums. The geometric sum is an example of such 



a sum. 



6 Examples of Hypergeometric Identities 

In this section, we give more examples from the theory of Hypergeometric series. Hy- 
pergeometric series are of the form ^tfc, where tk+i/tk is a rational function of k. (The 
geometric sum is where this ratio is a constant.) Most special functions and binomial 
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coefficient identities are examples of such series. All the identities here are proved using 
the EZ method described in ||5} by the WZ trick followed by an application of Euler's 
Telescoping Lemma. 

The reader will find it useful to compare the proofs of examples in this section with those 
in §3.11 and §3.12 of Andrews, Askey and Roy [7j. 

The first example is: 

Example 6.1 (The Binomial Theorem). Let n be a non-negative integer. Then we have 

EQ^' = (i+^r- (6.2) 



Proof. We will show: 



Let 

F{n, k) 



k 

X n 



x^ n{n — l){n — 2) ■ ■ ■ {n — k + 1] 



(l + a;)*^ k\ 

We find that 

(-l)x 



F{n + l,k) - F{n,k) 



(l + x)"+i 

x{n — k + 1) — k x^{n + l)n{n — 1) ■ ■ ■ {n — k + 2) 
xin + 1) k\ 



Next we compare the expression in the brackets with the summand in (3.4). It is easy to 
see that the following will do the trick: 

Uk = x{n — k + 1) 
and Vk = k. 

We find that Wk = Uk — Vk = {x{n — k + 1) — k) and wo = x{n + 1). Note further that 
Un+i = and Vq = 0. 

Thus we have, with Uk, Vk and Wk as above: 

V(F(n + l k)-F(n k)) = ^"^^"^ ^ ^ ^o^i ■ ■ ■ u^-i 
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= 0. 

The RHS is because Un+i = and vq = 0. Thus 



k=0 

is a constant. To finish the proof, we verify that this sum is 1 when n = 0. ■ 
Remark. One can write binomial coefficient identities using rising factorials. To rewrite 



(6.2 ), note that 

n\ n{n — l){n — 2) ■ ■ ■ [n — k + 1) 



kj k\ 

^ , .^fc (-^)(-^ + l)(-^ + 2)^^^(-n + A;-l) 

^ ' k\ 
^ ' k\ ' 



Thus we can write (6.2) as 

J2i-ir^-^x' = ii+xr- (6.4) 



k\ 

k=0 



Set X = 1 to recover (5.5) 



Our next example has two more parameters. 

Example 6.5 (Chu (1303)-Vandermonde (1772)). Let n be a non-negative integer and 



let a and b be such that the denominators in (6.6) are not zero. Then we have 



(a)fc (-n)fc {b - a)„ 



k=0 



Remark. The reader is referred to Andrews, Askey and Roy [7, Cor. 2.2.3] for the history 
of the Chu-Vandermonde identity. 

Proof. Again, by dividing by the RHS, we form an equivalent identity of the form 

n 

Y,F{n,k) = l, 

k=0 

where F{n, k) is defined as: 

^ ' ^ ib-a)Ab)k k\ ■ 
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We find that 

a{b)r 



F{n + l,k) - F{n,k) 



{h - a)n+i 

a{n - k + 1) + k{b + n) {a)k{-n-l)k 
a{n + l) {h)kk\ 



Next we compare the expression in the brackets with the summand in (3.4). It is easy to 
see that the following will do the trick: 

Uk = {ci + k){—n — 1 + fc) 
and Vk = k{b + A; — 1). 

We find that Wk = Uk — Vk = (— l)(a(n — A; + 1) + k{b + n)) and wq = —a{n + 1). Note 
further that Un+i = and fo = 0. 

Thus we have, with m^, Vk and Wk as above: 



= 0. 

Thus 

n 

Y,F{n,k) 

is a constant. To finish the proof, we verify that this sum is 1 when n = 0. ■ 

Our next example is a sum discovered independently by Pfaff (1797) and Saalschiitz 
(1890), see [211 eq. (1.7.2)]. 

Example 6.7 (Pfaff-Saalschiitz Theorem). Let n be a non-negative integer and let a, b 



and c be such that the denominators in (6.8) are not zero. Then we have: 



{a)k{b)k {-n)k _ (c - a)n{c - &)» ^ 

^ (c)fc(l - n + a + 6 - c)fe k\ {c)n{c - a - b)n' 



k=0 



Remark. The reader is referred to Andrews, Askey and Roy [3 eq. (2.2.8)] for historical 
remarks regarding the Pfaff-Saalschiitz Theorem. See Andrews [5] for Pfaff's own (and 



perhaps the simplest) proof of (6.8). 



Proof. Again, by dividing by the RHS, we form an equivalent identity of the form 

n 

^F(n,A;) = l, 



k=0 
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where -F(n, k) is defined as: 



^^ _ (c)n(c - a-b)n {a)k{b)k {-n)k 

{c-a)n{c-b)n{c)kil-n + a + b-c)k k\ 

We find that 

F{n + l,k)-F{n,k)- i^Uc - a - b^ 



(c - a)„+i(c - b)n+i 

{a)k{b)k{-n)k-i 



X 



(c)fc(l -n + a + b- c)kk\ ^ 
X ((c + n){—n + k + a + b — c){n + I) 
— (c — a + ?2)(c — 6 + n){—n + A; — 1)) 



X 



X 



(c - a)„+i(c - 6)„+i 
{a)k{b)k{-n - l)k 
{c)k{l - n + a + b - c)kk\ 
{c + n){a + b-c+l)k + ab{n - k + I) 
ab{n + 1) 



Next we compare this expression with the summand in ( 3.4[ ). It is easy to see that 
following will do the trick: 

Uk = {a + k){b + k){-n - 1 + k) 
and Vk = k{c + k — + k + a + b — c). 

We find that 

Wk ={a + k){b + k){-n -1 + k) - k{c+k- l){-n + k + a + b-c) 
= - {{c + n){a + b - c + l)k + ab{n -k + l)) 

and Wq = —ab{n + 1). Note further that Un+i = and Vq = 0. 
Thus we have, with Uk, Vk and Wk as above: 



J2 (Fin + l,k)- Fin, k)) = {-l)ab ^"^f ; 

n+1 

^ Wk UqUi ■ --Uk-l 



E 

k={ 

0. 



Wo V1V2 ■■■Vk 

fe=0 
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Thus 

n 

is a constant. Now verify that this sum is 1 when n = 0. This finishes the proof of the 
Pfaff-Saalschiitz identity. ■ 

Remark. The only difficult part of our proof of the Pfaff-Saalschiitz summation is the 
algebra required to prove that: 

(c + n){—n + k + a + h — c){n + 1) — {c ~ a + n){c — h + n){—n + k — 1) 
= {c + n){a + b - c + l)k + ah{n -k + l) 

= - ((a + k){h + k){-n - 1 + k) - k{c + k - l)(-n + k + a + b - c)) . 



The first equality is required to simplify F{n + l,k) — F{n,k); the second to find an 
expression for Wk = Uk — Vk- 

Compare these with the corresponding calculations from the proof of the Chu-Vander- 
monde Identity: 

{b + n){n + 1) + {b - a + n){-n + k - 1) 
= ((6 + n)k + a{n - k + 1)) 
= ((a + k){-n - 1 + k) - k{b + k - 1)) . 



The calculations in the proof of the Binomial Theorem are even simpler. Upon examining 
these expressions it is apparent that there is a natural hierarchy both in the identities 
and their proofs. See also our work in ^ that sheds some light on these calculations. 

Remark. For a large number of identities, the WZ method produces a "certificate" 
R{n, k) such that G(n, k) = R{n, k)F{n, k), where G{n, k) satisfies (5.3). In our case, we 
directly produce G{n, k) by appealing to the Telescoping Lemma. 

Note that in all the examples, we ended up with an expression of the form 

'Wk UqUi ■ ■■Uk-1 



F{n+l,k) - F{n, k) = g{n) 
where Wk = Uk — Vk- Thus we have: 



Wq ViV2 ■■■Vk 



Uq U1U2 



Uk 



G(n, k) = gin)- 

Uo - Vq V1V2 ■■■Vk 

The WZ methodology is more general than the EZ method — it works even when a relation 
of the form (5.3) does not apply, when the LHS of (5.3) is more complicated. 
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The proofs given in this section should be compared with corresponding proofs by Pfaff 's 
method described by Andrews [5] and Andrews, Askey and Roy [71 §3.11-§3.12]. In 



Pfaff 's method, one does not divide by RHS{n) in (5.1). However, for many examples, 
computing F{n + l,k) — F[n, k) leads to a three term recurrence relation that determines 
the sum. To complete the proof, we show that the product side too satisfies the same 
relation. When this procedure works, then the calculations are even simpler than the 
corresponding calculations of the EZ method. The reader may also consult Guo and Zeng 
[27] for a similar method. 



7 Examples from g-series 

The examples we consider in this section are the g-analogs of the corresponding sums in 
^ The proofs are analogous to those in the Hypergeometric case, and follow the EZ 
method outlined in ^ 

We define the g-rising factorial (for q a complex number) as the product: 



if m = 0, 

[1 - a){l - aq) ■ ■ ■ {1 - aq""-^) ifm>l. 



The limit 

l-q^ 

lim = A, 

g^i 1 — q 

implies: 

This motivates the use of the term 'g- analog' for these sums. 

Example 7.1 (The terminating g-binomial sum). Let n be a non-negative integer and q 



a complex number such that the denominator in (7.2) is not zero. Then we have: 
Remark. The terminating g-binomial theorem may be found in Gasper and Rahman 



eq. (II. 4)] where we take z i— )■ zg". If we take the limit as g — )■ 1 in (7.2), and set z (-)■ —x, 



we obtain the Binomial Theorem (6.4) 



Proof. By dividing by the RHS, we form an equivalent identity of the form 

n 

^F(n,A;) = l, 



fe=0 
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where -F(n, k) is defined as: 



We find that 

F{n + l,k) -F{n,k) 



((1 - -{I- (1 - zg")) 

'zg" (1 - g-"+^-i) - (1 - q^) 
zq'^ (1 - g-"-i) 



Next we compare the expression above with the summand in (3.4). It is easy to see that 
the following will do the trick: 

Uf, = zq"" (1 - g-"-i+'=) 
and f fc = 1 — q'^. 



We find that 



Wk=Uk-Vk = Zq" (1 - g-^+^^-l) - (1 - g'^) 

and Wq = zq^ (l - q^"^^) ■ 



Note further that m„+i = and fo = 0. 
Thus we have, with Uk-, ffe and Wk as above: 

n+l 



n+1 



[F{n + 1, A;) - F[n, k)) = ^ > 



k=0 



0. 



Thus 



J2F{n,k) 



k=0 



is a constant. To finish the proof, we verify that this sum is 1 when n = 0. 



Remark. Compare the statement of the g-Binomial Theorem with (6.4). The proof is 



analogous to that of Example 6.1 
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Remark. Note that Uk has the factor (l — g-"+'«-ij which corresponds to the factor 
—n + A; — 1 in our examples in the previous section. This makes m„+i = 0. Similarly, Vk 
has the factor (l — g'^) , that corresponds to the k and we have vq = 0. 

Example 7.3 (A g-Chu-Vandermonde sum). Let n be a non-negative integer and let q, 



a and b be such that the denominators in (7.4) are not zero. Then we have: 



(h-n\ (n-n\^ \ n ) (h- n\ ' ^ ' 



Remark. Identity (7.4) is one of the two g-analogs of the Chu-Vandermonde identity 



(6.6). See Gasper and Rahman [2T1 eq. (1.5.2)]. 

Proof. By dividing by the RHS, we form an equivalent identity of the form 

n 



k=0 



where F{n, k) is defined as: 

F{n,k) 

We find that 

F{n + l,k)-F{n,k) 



{b/a;q)n (b-q)^{q-q)^ \ a 



fb_\\ {b-q)^ {q—';Q)k ^nk 
(b; q)kiq; q)k Va/ ?)„+i i - 

((1 - 6g") (1 - q--'') q'-{l- bq^/a) (l - 



k 



6(1 - a)g"(6;g)„ (a;g)fc(g " ^g)^ /6g"\ ' 



^(1 - a)g" (l - g-'^+'^-i) - (1 - 6g") (l - q'') 



^(1 - a)g" (1 - 



Next we compare the expression above with the summand in (3.4). It is easy to see that 
the following will do the trick: 

Uk= [1- aq^) (1 - q-^-^+^) bq"" / a 
and Vk= {l- bq"-') (l - q") . 

We find that 

Wk = Uk-v,= {l- aq'') (1 - bq^a - (l - bq'-') (l - q') 
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(1 - a)g" (1 - - (1 - (l - q') 



and wo= -(1- a)q'' (l - g"""^) . 
a ^ 

Note further that m„+i = and Vq = 0. 
Thus we have, with Uk, Vk and Wk as above: 

n+l 



Y: {F{n + 1, fc) - F{n, k)) = ^^^^f'^f''^^ " 



k=0 



a{b/a; q) 



n+l k=Q 



Wo ViV2---Vk 



0. 



Thus 



k=0 



is a constant. To finish the proof, we verify that this sum is 1 when n = 0. ■ 
Example 7.5 (The g-Pfaff-Saalschiitz sum (Jackson (1910))). Let n be a non-negative 



integer and let q, a, b and c be such that the denominators in (7.6) are not zero. Then 
we have: 



k=0 



(a; g)fc(6; q),^{q g)^ _ {c/a; g)„(c/6; q)^ 



c; q)k{.abq^-''/c] q)kiq; q)k (c; g)„(cM; g). 



(7.6) 



Remark. Identity (7.6) is the g-analog of the Pfaff-Saalschiitz sum (6.8), see Gasper and 



Rahman |2ll eq. (1.7.2)]. 
Proof. By dividing by the RHS, we form an equivalent identity of the form 

n 

YHn,k) = l, 

where F{n, k) is defined as: 

^) _ (c;g)„(c/a6;g)^ (a; g)fe(&; g)fe(g-"; g)^ 



(c/ a; g)„(c/6; g)„ (c; q)kiabq^ "/ c; g)^(g; g)^ 



We find that 



F{n + l,k)- Fin, k) = ^^^M^,^ ^)n(^M5 <i\ 



(c; g)fc(g; g)^ (c/a; g)„+i(c/6; g)„+i 



-1) 



(1 - g-"-i) (a6gi-Vq g)^ 
((1 - eg") (1 - abq-'^^^/c) (l - g""-') (cg"/a6) 
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+ (1 - cg"/a) (1 - cg"/6) (l - g-"+^-^)) . 

We can show that the expression in the brackets equals: 

((1 - eg") (1 - a6g-"+Vc) (l - g"""^) (cg"/a6) 
+ (1 - cg7a) (1 - cq^/h) (l - g-"+^^-i)) 
= ((1 - eg") (1 - c/ahq) (l - g'^) 

+ ^(i-a)(i-&) (1 - ) • 



Next we compare the expression above with the summand in (3.4). We take: 



Uk = {l-aq'') {l-hq^) {l - q-^-^+>^) 
and Vk = {l- cq''-^) (l - a6g-"+Vc) (l - g^') 



We can show that: 



Wk = Uk- Vk= {abq ''^^/c) 



(1 - eg") (1 - c/a6g) (l - g^) 



+ ^(l-a)(l-6) (l-g-"+'^-i) 

and wq = {1- a)(l -b){l- g-"-i) . 
Note further that m„+i = and Vq = Q. 
Thus we have, with Uk-, Vk and as above: 

-l)c(l-a)(l-%"(c;g)Jc/a6;g)„ 



n+l 



5^(F(n + l,A;)-F(n,A;)) 



fc=0 



n+l 
fc=0 

= 0. 



a6(c/a; g)„+i(c/6; g)^^^ 

Wfc MqMi • ■ ■ Uk-l 
Wo ViV2 ■■■Vk 



Thus 



Y,F{n,k) 



k=0 



is a constant. To finish the proof, we verify that this sum is 1 when n = 0. 



As we have seen, the proofs of the g-analogs presented above are analogous to those of 
the classical identities presented in ^ In the next section, we prove the g-Dougall sum, 
a sum that encapsulates all the identities of this section. 
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8 Jackson's g-analog of Dougall's Sum 



The algebra involved in the proof of the g-Pfaff-Saalschiitz sum is complicated enough to 
discourage us from trying to prove more complicated identities. Fortunately, there is an 
elementary identity that takes care of the algebra. In this section, we use a similar idea to 
prove a much more complicated identity, namely the g-Dougall sum. The proof is again 
by the EZ method outlined in ^ 

Ekhad and Zeilberger had earlier given a "21st century proof" of Dougall's sum. 
Their work is important because the Dougall summation is a very general summation, 
and special cases include all the fundamental summation theorems in the theory of Hyper- 
geometric Series. Likewise, if there is only one summation theorem that we can prove, then 
the g-Dougall summation is the one. This theorem encapsulates many of the other sum- 
mation theorems — terminating and non-terminating — that comprise the theory of Basic 
Hypergeometric Series. Further, by suitably modifying the parameters and taking limits 
as g — )■ 1, one obtains all the main Hypergeometric sum identities too. The reader may 
consult §2.7 of Gasper and Rahman [21] to learn how the g-Dougall summation is spe- 
cialized to obtain the key summations formulas in the theory of Basic Hypergeometric 
Series. 

At this time, its a good idea for the reader to understand the notations used to write and 
describe g-series. While these notations are not strictly necessary to understand what 
follows, they are needed to understand how we obtain the elementary identities required 
for our work. These are special cases of identities from [2T] . 

Basic hypergeometric series, or g- hypergeometric series, with r numerator parameters ai, 
. . ., ttr and s denominator parameters 6i, . . ., 6s, and with base q are defined as 



6i, ... ,6s 



oo 

E 

fc=0 



Qi; q)k{a2;q)k ■ ■ ■ jar; q)k 
(q; q)kibi;q)k - ■ ■ ibs;q)k 



-lfq\ 



l+s 



(8.1) 



with (2) = ^(^ ~ l)/2, where q when r > s + 1. 



For example, the g-Pfaff-Saalschiitz sum (7.6) can be written as: 

^' -00] = (g/Qig)n(c/^; q)n 

[c,abq'-/c^'^' ^\ {c/ah-qUc;q)n' 



The series here is an example of a balanced series. The term "balanced" refers to a 
condition which appears frequently in summation and transformation formulas. 



An r+i0r series is called fc-balanced if in (8.1), 61 ■ ■ ■ 6^ 
1-balanced series is called balanced. 



ai ■ ■ ■ ttr+iq^ and z = q, and a 



Another condition that appears frequently in dealing with series is the very-well-poised 
condition. 
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An r+i(pr series is well-poised if in (8.1), qai = 02^1 = ■ ■ ■ = 0^+16^- It is called very-well- 
poised if it is well-poised and if 02 = ^'a/oi and 03 = —qJ~a\. 



The objective of this section is to prove a summation theorem for a balanced, very-well- 
poised 807 series found by Jackson [21, Equation (2.6.2)]: 



a, gi/a, — gY^, 6, c, d, a^g"+-'^/6c(i, g " 
a, —yfa, aq/h, aqj c, aqj d, bcdq~^/ a, ag""^^' ^' ^ 

(gg; g)„ (aq/bc; q)n {aq/bd; q)n (aq/cd; q)n 
{aq/b; g)„ (ag/c; g)„ {aq/d; g)„ {aq/bcd; q)n ' 



1.2) 



First, we examine our proof of the g-Pfaff-Saalschiitz formula. Note that the tough part 



of the proof of (7.6) is to show that: 



((1 - eg") (1 - a6g-"+Vc) (l - g-"-^) (cg"/a6) 
+ (1 - cg7a) (1 - cq^/b) (l - g-"+'=-^)) 
= ((1 - eg") (1 - c/abq) (l - g'^) 

+ ^(l-a)(l-6) (l-g-^+'^-i) 
ab 

= [(1 - (1 - hq^) (1 - g-"-^+'=) 

- (1 - cg^'i) (1 - a6g-"+Vc) (l - g^)] . 



The first equality is required to simplify F{n + l,k) — F{n, k), and the second to find 
an expression for Wk = Uk — Vk- Let us dispense with the middle step, that we wrote for 
aesthetic reasons. We find that we have to prove that: 



(1 - aq^) (1 - bq^) (l - g-"-i+'=) 

- (1 - cq^-^) (1 - a6g-"+Vc) (l - Q^) 
[abq-'^+^/c) [(1 - eg") (l - a6g-"+Vc) (l - g"""^) (cg"/a6) 
+ (1 - cg"/a) (1 - cg76) (l - g-"+'=-^)] . 



The left hand side of (8.3) can be written as 



(8.3) 



(1 - cg^-1) (1 - a6g^"+7c) (l - g*^) 
^ (1 - aq>') (1 - bq^) (1 - q-n-i+k) 
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The two terms in the brackets can be transformed by the a H- abq ""'"'^/c, h ^ cq^ ^, 
, d g,-n+fc-i^ g ^ ^gk^ J jjgk pg^gg q£ elementary relation: 



1 - 



(1 - a)(l - b){l - c) _ (1 - e/a)(l - //a) 
(l-rf)(l-e)(l-/) (l-e)(l-/) 

(1 -a)(l -c//6)(l 



X 



d/c) 



(l_rf)(l_a/e)(l_a//) 



•4) 



where afec = def. On using this special case of (8.4), we immediately obtain the RHS of 



(8.3) 



The elementary identity (|8.4|) is the n 
tion formula 



1 case of the well-known Sears' 



transforma- 



eq. (2.10.4)], that transforms a terminating, balanced, 4^3 series into a 
multiple of another such series. 



Our proof of Jackson's formula (8.2) relies upon the n = 1 case another well-known 



transformation formula, namely the io09 transformation formula |211 eq. (2.9.1)], that 
transforms a very-well-poised and balanced io09 series into a multiple of another such 
series. We can take n = 1 and a ^ a/q in [211 eq. (2.9.1)] to obtain the following 
elementary identity: 

(1 -b)il- c)(l - rf)(l - e)(l - /)(1 - a^bcdef) 



(1 
(1 



a/b){l - a/c)(l - a/d){l - a/e)(l - a//)(l - bcdef/a?) 
a)(l - a/e/)(l - /bcde){l - a^/bcdf) 



X 



1 - 



a/e)(l - a//)(l - /bcd){l - a^/bcdef) 

(1 - a/6c)(l - a/bd){l - a/cd){l - e)(l - /)(1 - a^/bcdef) 



5) 



;i - a/b){l - a/c)(l - a/d){l - a'^/bcde){l - a^/bcdf){l - ef/a 
For our proof of Jackson's sum, we need to iterate this elementary result. That is, we 



need to take the two terms in the bracket on the RHS of (8.5), and make them fit the 



LHS, and once again apply (8.5). For this we use the following case of (8.5): a 1— /bed, 
b ^ e, c ^ f\ d ^ a/bc, e a/cd, and / 1— > a/bd. 



In this manner, we obtain the elementary relation: 
(l-6)(l-c)(l-^;)(l-e)(l-/)(l 



1 - 



a^/bcdef) 



(1 - a/b){l - a/c){l - a/d){l - a/e){l - a//)(l - bcdef/o?) 
1 - a)(l - rf)(l - a^/bcde){l - a'^/bcdf){l - /bdef){l - a^/cdef) 
I - a/6)(l - a/c)(l - a/e)(l - a//)(l - aybcdef){l - a^/bcd^ef) 
(1 _ a/bd){l - a/cd){l - a/de){l - a/dm ' ' ^) 



:i-l/rf)(l-a/rf)(l-^)(l-^)(l 



bdef 



2 )(1 _ "2 



cdef ' 



(8.6) 



A motive for obtaining (8.6) is that only one term in the numerator of the fraction on 



the LHS of (8.6) is repeated in the RHS. The same comment applies to the denominator. 



This is also a feature of (8.4) 
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We are now ready to prove the g-Dougall summation. 

Example 8.7 (The g-Dougall sum (Jackson (1921))). Let n be a non-negative integer 



and let q, a, h, c, and d he such that the denominators in (8.8) are not zero. Then we 
have: 

y^ l-gg^^ (Q;g)fc(fe;9)fc(qg)fc(c^;g)fc(QV+V&ct/;g)fc(g-";g);, 

^ 1-a {aq/b;q)i^{aq/c;q)f^{aq/d;q)^{bcdq-''/a;q)^{aq''+^;q)^{q;q)^ 

_ {aq; q)n {aq/bc; q)n {aq/bd; q)n {aq/cd; g)„ 
[aq/b] q)n {aq/ c; g)„ {aq/ d; q)n {aq/bcd; q)n ' 

Proof. By dividing by the RHS, we form an equivalent identity of the form 

n 

where F{n, k) is defined as: 

p(^^ _ {aq/b;q)n{aq/c;q)n{aq/d;q)n{aq/bcd;q)n 



{aq; g)„ {aq/bc; g)„ {aq/bd; g)„ {aq/cd; q)^ 
^ 1-aq^^ {a;q)^{b;q)^{c;q)f^{d;q)^^ 

1 - a {aq/b; q)f,{aq/c; q)^{aq/d; q)^{q; q)^ 



^ {a'q''^'/bcd;q),{q-^;q), ^ 
{bcdq-''/a;q)^{aq''+^;q)^' 

We find that 

F{n + 1, k)-F{n, k) ^ ' ' '^'^^'^ 



X 



1 - a {aq/b; q)k{aq/c; q)^^{aq/d; q)f^{q; g)^ 
^ {aq/b; q)n {aq/c; q)n {aq/d; q)n {aq/bcd; q)n 
{aq; q)n+i {aq/bc; g)„+i {aq/bd; g)„+i {aq/cd; g)„+i 

(g-"-^g)fe(a^g"+V6cd;g), (-1) 

(1 - g-"-i) (1 - a^q'^+^/bcd) (ag"+2; q) ^^{bcdq-'^ / a; q)^ 

(1 - g-"-^) (1 - ag"+V6) (l - ag"+Vc) (l - ag^+V^) 

X (1 - bcdq-''^''-^/a) (1 - a^g^+'^+i/fecrf) [aq^'+^/bcd] 
+ (1 - g-^+^^-i) (1 - ag"+'^+i) (l - ag"+V&c) 

X (1 - aq^'+^/bd) (1 - aq^'+^/cd) (l - a^q'^+^/bcd) 
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Natural candidates for Uk and Vk are as follows. 

u, = {l- aq') (1 - bq'') (l - cq'') (l - dq') 
X (1 - a2g"+'=+76crf) (1 - 

and 

ffc = (l - ag'^/fe) (l - ag^/c) (l - ag^/rf) 

X (1 - hcdq-''+^-^/a) (1 - 0^"+^=+^) (1 - q^) . 

Note that Un+i = and fo = 0, and 

wo = uo-vo = {l- a) (1 - &) (1 - c) (1 - rf) ("l - (1 - q-""-') 



We now use the following case of (8.6): a i— > aq^^, b ^ aq'^/b, c aq''/c, d aq^^^^^, 
e I—)- aq'' /d, and / i— )■ to rewrite 



1 - 



In this manner, we obtain: 



(l - aq^^) ( q^ 

Wk = Uk - Vk - 



(1 - a^q^''+^ /bed) \aq'^+\ 
X I (1 - (1 - ag"+V&) (l - ag"+Vc) (l - aq^+^/d) 

X (1 - 6ccig-"+'=-Va) (l - a^g'^+^+Vfocd) (ag"+V6crf) 
+ (1 - g-^+'^-i) (1 - ag"+'=+i) (1 - ag'^+V&c) 

X (1 - aq"+^/bd) (1 - ag"+Vcrf) (l - a^q^'+^/bcd) 

The expression in the braces is the same as the expression in braces on the RHS of the 
expression for F{n + l,k) — F{n, k). 

Thus we have, with Uk, Vk and Wk as above: 

n+l 

Y^{F{n + l,k)-F{n,k)) 



k=0 



_ {aq/b; q)n {aq/c] q)n {aq/d; q)n {aq/bcd; g)„ 

(ag; g)„+i {aq/bc; g)„+i (aq/bd; g)„+i {aq/cd; g)„+i 
X [(-ag"+^) (1 - - c)(l - ci) (l - a^g'^+V^cfi)] 
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n+1 

EWk UqUi ■ ■ ■ 

Wo V1V2 ■■■Vk 

k=0 



= 0. 

Thus 



k=0 

is a constant. To finish the proof, we verify that this sum is 1 when n = 0. ■ 

For the sake of completeness, we note that if we take the hmit as — )■ 00 in Jackson's 
sum ( 8.2[ ), we obtain Rogers' sum for a terminating, very-well-poised 605 sum [211 Equa- 



tion (2.4.2)]: 



6<P5 



a, qy/a,-qy/a,b,c,q _ 
y/a,—y/a,aq/b,aq/c,aq"'~^^''^' be 

_ {aq;q)n {aq/bc; q)n 
{aq/b; q)n{aq/c] q)n 



].9) 



Indeed, one can suitably specialize the proof of the g-Dougall sum given above by taking 
limits as (i — )■ 00, make minor modifications in the choice of Uk and Vk, and obtain a proof 



of (8.9) by using Euler's Telescoping Lemma. 



Further, one may suitably specialize the parameters and take the limit g — )■ 1 to obtain 
Ekhad and Zeilberger's proof of Dougall's sum. However, our proof is not quite a 21st 
century proof, because it has been found without using a computer. It uses the 10^9 
transformation formula which Bailey found in 1929, besides Euler's Telescoping Lemma 
and the WZ trick. Nevertheless, conceptually, it is really a WZ proof. 



9 Generalized Hypergeometric Series 



If we have an elementary relation of the form 

U-V = W 



then we can get an identity using the Telescoping Lemma (3.4). For example, consider 
the elementary identity: 

{l-b)a-{l-a)b = a-b. (9.1) 
This implies that for sequences and bk, we have: 

(1 - bk)ak - (1 - ak)bk = - bk- (9.2) 
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Now one can appeal to the Telescoping Lemma (3.4), with Uk = {1 — bk)ak, and 
(1 — ak)bk (so that Wk = ak — bk) and obtain: 



, ua - bMj 

o-k - Ok j=o 

k=o J] (1 _ a^)b, 



^1 - bo)ao ( -A- (1 - bj)aj _ (1 - ao)&o 
ao - bo (1 - aj)bj (1 - 60)^0 



(9.3) 



We assume that the sequences ak and bk are such that none of the denominators in (9.3) 
are 0. 



Remark. Identity (9.3) is an extension of Ramanujan's identity (4.7). To recover (4.7) 



from (9.3), set 1— )■ — a^+i/x, and take the limits bk — )■ 00, for /c = 0, 1, 2, . . . , n. 



This kind of series may be called Generalized Hypergeometric Series because the sequences 
can be specialized to find hypergeometric or g-hypergeometric series. 



Observe that when n = 1, the g-Chu-Vandermonde identity (|7.4|) reduces to: 

{I- a){l- q-^)bq 



1 + 



_l-b/a 
;i-6)(l-g) 7 ~ l-b 



This simplifies to (9.1 ). Our idea in this section is to take n = 1 in g-series identities, and 



use (3.4) to write down corresponding identities for generalized hypergeometric series. 



An alternative — and automated — approach of finding and proving identities with se- 
quences as parameters is given by Kauers and Schneider p4j. These authors mention 
Euler's identity and Ramanujan's identity, among other examples of such series. 

Ramanujan's sum appeared in Apery's proof of the irrationality of C(3), see van der 
Poorten [38j. Apart from Ramanujan, such identities have also been given by Gould and 
Hsu, Carlitz, Krattenthaler, Chu, and by Macdonald (see [TU] and the references cited 
therein). 

We now find a generalized hypergeometric summation that follows by combining the n = 1 
case of the g-Pfaff-Saalschiitz summation with Euler's Telescoping Lemma. 

Example 9.4 (Macdonald). Let ak, bk and Ck be sequences, such that none of the denom- 



inators in (9.5) vanish. Then 



k-l 



E 

fc=0 



{ak - bk){ak - Ck) j=o 



n(i-y(i-c, 



(ao - bo){ao - cq) ^ 



Ui^- (^j)i(^j -bjCj) 
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X 



(1 - bo)(l - Co)ao 
(ao - bo){ao - cq) 

TT (1 - bj){l - Cj)aj _ (1 - ao)(ao - fepCo) \ 
J-l (1 - aj){aj - bjCj) (1 - 6o)(l - Co)ao y ' 



(9.5) 



Remark. If we set Ck ^ 1/ak, au ^ bk/bo, bk Ckbk/bo, we obtain Macdonald's identity 
in the form presented in (TUl eq. 1.13]. 



Remark. If we take the limits — )■ oo in (9.5), we obtain (9.3). 



Proof. We use the n = 1 case of the g-Pfaff-Saalschiitz identity to find an elementary 



identity. Interchange c and a and set n = 1 in (7.6) to obtain: 



^ (1 - c)(l - b)il - q-') (1 - a/c)(l - a/b) 
(1 - a)(l - bc/a){l -qf (1 - a)(l - a/bc) ' 



or 



(1 — 6)(1 — c)a — (1 — a)(a — be) = (a — 6)(a — c). 
Replacing a, b and c by sequences ak, bk and Ck, we obtain: 

(1 - bk){l - Cfc)afc - (1 - afc)(afc - bkCk) = (ak - bk){ak - c^). 



Now take Uk = {I - bk)(l - Ck)ak, Vk = {I - ak){ak - bkCk), and Wk = {ak - bk){ak - Ck) 



in (3.4) to obtain (9.5). 



Remark. If we set n = 1 in the very- well-poised sum sum (8.9) we get the same 
elementary identity. 



Next, we obtain a generalized hypergeometric series summation by using Jackson's q- 
Dougall summation. 

Example 9.6 (Macdonald). Let ak, bk, Ck and dk be sequences such that none of the 



denominators in (9.7) vanish. Then 

{ak - bk){ak - Ck){ak - dk){ak - bkCkdk) 
(ao - bo){ao - co)(ao - do){ao - boCodo) 



E 

fc=0 



X 



k-l 

n [(1 - bj){l - Cj){l - dj){a] - bjCjdj)aj] 
j=o 

k 

n [(1 - - bjCj){aj - bjdj){aj - Cjdj)] 

(1 - bo){l - Co)(l - do){al - boCodo)ao 
(ao - bo){ao - co)(ao - do){ao - boCodo) 
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X 



(1 — bj){l — Cj)(l — dj){a^ — bjCjdj)aj 
(1 - aj){aj - bjCj){aj - bjdj){aj - cjdj) 

(1 - ao)(ao - &oCo)(ao - Mo)(Qo - Cpdo] 
(1 - 6o)(l - co)(l - do){al - boCodo)ao 



(9.7) 



Remark. Set h- >■ 6^6, 6^ i— l/flfc, Cfc t— )■ fofcCjt, h-> ak/dj. in identity (9.7) to obtain 
Macdonald's identity in the form given in ^10^ eq. (2.28)]. 



Remark. If we set cifc = in (9.7), we obtain (9.5) 



Proof. Take n = 1 and a i— )■ a/q in the g-Dougall sum (8.8), to obtain the following 
elementary identity: 



{1 - b){l - c){l - d){a^ - bcd)a 

— {1 — a){a — bc){a — bd){a — cd) 
= {a — b){a — c){a — d){a — bed) 

Thus we have, for sequences a^, bk, Ck and d^. 

(1 - 6fc)(l - Cfc)(l - dk)ial - bkCkdk)ak 

- (1 - ak){ak - bkCk){ak - bkdk){ak - Ckdk) 
= {a-k - h){a'k - Ck){ak - dk){ak - bkCkdk). 



(9.^ 



Now using (3.4), we immediately obtain (9.7) 



We conclude this section with a few remarks on the symmetry properties of the General- 
ized Hypergeometric Series presented in this section. 

Let us represent the equation U — V = W hy {U,V, W). Given an equation of the form 
U — V = W, we can list 6 possible permutations of this equation. They are: (f/, V, W), 
iU,W,V), iW,-V,U), iV,U,-W), {W,U,-V), and {V,-W,U). We can set (uk^Vk^Wk) 
to be equal to any of these permutations, and potentially derive a different identity. 

However, it so happens, that for the examples considered in this section, all the identities 
obtained by these permutations are equivalent to each other. 



For example, (9.2) is of the form {U,V,W). If {uk,Vk,Wk) corresponds to {U,V,W), 
then we obtain (9.3). Instead, take {uk,Vk,Wk) to correspond to {U,W,V), that is, take 
Uk = {I - bk)ak, Vk = ak- bk, and Wk = {I - ak)bk to obtain 



^(1 



akjOk j=o 
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1 - bo)ao 



ao 



(9.9) 



bk ^ l/bk in (9.3) to obtain (9.9). 



Identity (9.9) can be obtained from (9.3) by re-labeling parameters. Set Ofc i— )• a^/bk and 



By examining {uk, Vk,Wk) as they appear in the examples of this section, it seems remark- 
able that identities obtained by permuting the three are all equivalent. However, things 
become clear once we examine the remarkable symmetry exhibited by the following ele- 
mentary identity [211 ^q. (11.1.1)] 



(1 - xA)(l - x/A)(l - /iz/)(l - fi/u) - (1 - xu){l - x/u){l - A/i)(l - fi/X) 



(1 - xfi){l - x//i)(l - Az/)(1 - A/z/). 



(9.10) 



This beautiful identity follows from the n = 1 case of the g-Dougall sum. Set a h-> xu, 
b (— )■ xX, c I— )■ x/A and d fiu in (9.8) to obtain (9.10). Thus the symmetry of this 



elementary identity is responsible for the many symmetries of Macdonald's identity. 

It is interesting to note the important role played by elementary identities (obtained by 
taking n = 1 in summation and transformation formulas) in ^ and ^ These elementary 
identities appear in Andrews [5] and Guo and Zeng |27] too. 

In the development of Generalized Hypergeometric Series, a key step was Krattenthaler's 
pi] matrix inverse that generalized Andrews' matrix formulation of the Bailey Transform 
and the extension by Agarwal, Andrews and Bressoud [1]. Krattenthaler's Matrix Inverse 
was extended by Chu [16] using telescoping. Macdonald's proof of Chu's results used the 
Telescoping Lemma, and generalized Chu's results to the Generalized Hypergeometric 
Series presented in [TU] and in this section. See also Kauers and Schneider pi] for more 
examples of such series. 

Ramanujan's identity makes an interesting appearance in van der Poorten [38] • We refer 
the reader to Gasper and Rahman ^21^ §11.6] for Warnaar's [SH] extension of Macdonald's 
identity to theta hypergeometric series. The proof of Warnaar's identity is on the lines of 
the proof of (9.7), and uses Euler's Telescoping Lemma. See also Spiridonov [36] . 



10 Three-term Recurrence Relations 



In view of Example 2^ it is clear that Euler's Telescoping Lemma applies whenever 
we have a three-term recurrence relation such as that of the Fibonacci Numbers. For 
example, consider the beautiful extension of the Roger s-Ramanuj an identities given by 
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Garrett, Ismail and Stanton 



oo 



^ (g;g^)oo(?^;?^)oo^"' (g^;g^)oo(?^;?^)oo^"" 

where m > 0; and dm and satisfy the recurrence relations: 

with the initial conditions: (io = 1, c^i = 1 and cq = 0, ei = 1. The polynomials dm and 
Cm are g-analogs of the Fibonacci numbers, and appear in Schur's original proof of the 
Rogers-Ramanujan identities, see [2]. 

In this section we note a few applications of the Telescoping Lemma to such recurrences. 
In the process, we find that Euler's Telescoping lemma gives easy alternate proofs of many 
identities found by Andrews [SIEIE], Garrett [IS], Briggs, Little and Sellers [I2j, Cigler 
[T7j . Goyt and Sagan [26], Goyt and Mathisen [25], and Ismail [30] . 



In addition, we are able to find several identities that are extensions of Example |2.3 to 
the sequences considered by these authors. 

We begin our study of three-term recurrences by finding a useful solution of a linear 
recurrence relation. 

Proposition 10.2 (Linear Recurrence Relation). Let b(),bi,b2, . . . and Cq, Ci, C2, ... be 

sequences. Consider a sequence Xq, Xi, X2, x^, . . . that satisfies 

Xn+l = bnXn + Cn (« > 0), (10.3) 

and the value of Xq is given. Then we have: 

n 

, , , , , , , , Cfc 



^+l = Xobobib2 ■■■bn + &1&2 " " " , , ^ , • (10.4) 

^-^ O1O2 ■ ■ ■ Ok 



k=0 



Remark. Recursion (10.3) is a prototype of a linear recurrence relation, see Wilf [40] . 



Proof. We will use Euler's Telescoping Lemma to solve this recursion. 



Set Mfc = Xfc+i and Vk = bkXk in (3.4). Then Wk = Ck and Wq = Cq. We obtain: 



y-v Cfc Xi ■ ■ ■ Xfc Xi f X2X3 ■ ■ ■ Xn+l boXo 



I^^^Cobib2- ■ -bkXi- ■ -Xk Co \b1b2 ■ ■ ■ bnXiX2 ■ ■ ■ Xn Xi 



This immediately gives us (10.4). 
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Example 10.5. Let x„ be a sequence defined as: 

Xn+i = nxn + (-1)" in > 0) 
with xo = 0. Then from ( 10. 4[ ), we obtain 

Xn+l {-!)'' 



fc=0 



k\ 



111 . sr, 1 

1 1 \ h (-1) — 

1! 2! 3! ^ ' n\ 



The reader may recognize that = where dn is the number of derangements of 
a partition on n letters. The derangement numbers also satisfy a three term recurrence 
relation (see, for example, [T3]): 

dn+2 = {n + l)dn+i + {n + l)rf„, 

with df) = 1 and di = 0. (Coincidentally, both these recursions for the derangement 
numbers are due to Euler, see Hopkins and Wilson |28j.) 

We consider below other interesting sequences (of numbers and polynomials) that appear 
in combinatorial contexts. 



First, we generalize the identities in Example 2.3 



Theorem 10.6. Let an and 6„ be sequences, with an 7^ 0, 6„ 7^ 0, for all n. Consider a 
sequence Xn that satisfies (for n > 0): 

OinXn+l ~\~ bnXn- 

Then the following identities hold for n = 0,1,2, ... , provided the denominators are not 
0. 



E 

k=l 



1 'Xn+2 



- 1. 



aia2 ■ ■ ■ ttk X2 aia2 ■ ■ ■ o-n ^2 



E 

k=l 

n 

E 

k=l 



0'2k-l X2k 



1 



X2n+1 



bib-s ■ ■ ■ 62fc-i xi bibs ■ ■ ■ fean-i Xi 



0'2k X2k+1 



X2n+2 



&2&4 ■■■b2k X2 b2bi ■■■b2n X2 



- 1. 



1. 



E 



dk ^fc+i 



1 Xn+lX 



+l-f'n+2 



E(-i 



6162 ■■ - bk X1X2 6162 ■ --bn X1X2 
k=l 

.k'^l'^2 ■ ■ ■ Cffc-l Xk+2 



- 1. 



k=l 



6162 ■■■bk xi 



aia2 ■ ■ ■ O-n Xn+l ^ 



6162 ■ ■ ■bn Xi 



k r 



Ebk-lbk -TT 
k=l " ^ j=l 



dj-ittj + bj 



Xk-l 
X2 



1-n 



a,_i 



dj-ittj + bj 



Xn+2 
X2 



(10.7) 

(10.8) 
(10.9) 
(10.10) 
(10.11) 
(10.12) 
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Remark. There are many other Fibonacci Identities that follow from telescoping (see 
Vajda (37j), and can be extended as in Theorem 10.6 We do not undertake a detailed 
study here, we aim only to illustrate the usefulness of Euler's Telescoping Lemma. 



Proof. The proofs are almost identical to the proofs of the corresponding identities in 
Example 2.3 All these identities are special cases of (2.2). 

To prove the first identity, we set Uk = Xk+2, and Vk = akXk+i- Note that Wk = hkXk- 
Substituting in (2.2), we immediately obtain (10.7). 



Next, set Uk = X2k+i, and Vk = b2k-iX2k-i- Note that Wk = a2k-iX2k- Substituting in (2.2), 

we ([Ta8|. 



Similarly, set Uk = X2k+2, and Vk = b2kX2k- Note that Wk = ci2kX2k+i- Substituting in (2.2), 
we obtain (10.9). 

Next, set Uk = Xk+iXk+2, and Vk = hkXkXk+i- Note that Wk = cifca^fc+i- Substituting in 
^72\, we obtain (pffeol). 



Next, set Uk = akXk+i, and Vk = —bkXk- Note that Wk = Xk+2- Substituting in (2.2), we 
obtain ( pMI| . 

Finally, set Uk = Xk+2, and Vk = {ak + hk/ ak-i)xk+i- It is easy to see that Wk = 
—hk-ihkXk-i/dk-i- Substituting in (|2.2), we obtain (10.12). ■ 



As our first example, we find identities for the derangement numbers that are analogous 
to those for the Fibonacci numbers. Note that since di = 0, and some of our identities 
require division by xi, we take a shifted sequence to ensure that we do not divide by 0. 
So we define Dn = dn+i in our next example. 

Example 10.13 (Derangement Number Identities). Consider the shifted Derangement 
Numbers defined as: = 0, -Di = 1; and for > 0, 

Dn+2 = {n + 2)Dn+i + {n + 2)D„. 

Then the following identities hold for n = 0,1,2, ... : 

ttik + iy. (n + 2)! ^ ^ 

^^2fe _ D2n+i , ^^r\^t^\ 

l-3---(2A;-l) " 1.3---(2n + l) ^ 

ED2k+l D2n+2 . /in 1C^ 

2.4...(2fc) = 2.4...(2n + 2) " ^'^'^^^ 



37 



(k + l)\ (n + 2)\ ^ ' 



k 

n 



k=l 

n 



-l{k + l)\ {n + 2)\ 
k + 2 



E2Dj^_i 2Dfi_i_2 
{k + 2){k + l)\ ^ ^ ~ (n + 2)(n + 2)!- ^^^'^^^ 

Remark. We are unaware of the provenance of these identities. Derangement numbers 
are usually not considered to be analogous to the Fibonacci numbers in any way. One 
can replace by dk+i to obtain identities for derangement numbers. 



Proof. These identities follow immediately from Theorem 10.6 by taking = k + 2 = 
and replacing x„ by D„. Note also the initial conditions and the recurrence relation 
implies that D2 = 2. ■ 

Another elementary sequence very similar to the Fibonacci sequence is the sequence of 
Pell numbers. The corresponding identities are given in the next example. 

Example 10.20 (Pell Number Identities). Consider the Pell Numbers defined as: Pq = 
0, Pi = 1; and for n > 0, 

Pn+2 = 2P„+i + Pn- 
Then the following identities hold for = 0, 1, 2, . . . .■ 

y J^ = ^_i, (10.21) 

k=l 
n 

5^2P2fc = P2„+i-l. (10.22) 

k=l 

n 

5^2P2fc_i = P2„. (10.23) 



k=l 

n 



Y,2Pk = PnPn+1- (10.24) 
k=l 

n 

^(-l)'=2'=-iPfc+2 = (-l)"2"P„+i. (10.25) 

k=0 

Remark. The first three identities are special cases of Pell Polynomials considered by 



Horadam and Mahon [29]. Identity (10.24) appears in Bicknell [TT] . 
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Proof. These identities follow immediately from Theorem 10.6 by taking = 2 and &fc = 1 
and replacing x„ by P„. Note also the initial conditions and the recurrence relation implies 



that P2 = 2. In the proof of (10.23), (10.24) and (10.25), we bring 1 to the LHS and may 



perform calculations similar to the proofs of the corresponding Fibonacci identities. ■ 

Our next example is of g-analogs of the Fibonacci Numbers that appeared in the work of 
Schur. 

Example 10.27 (Schur's g-Fibonacci Numbers). Consider the q-Fibonacci numbers de- 
fined as: Fq^^H?) = 0, Fi''\q) = 1, and 

Then we have, for n = 0,1,2, ... : 

n 

J2q'^^Ft\q)=Fi%{q)-l. 

k=l 

n 

Y.q-''-'^F^t\q) = - 1. 

k=l 

n 
k=l 

n „ 

(Ff (g)) = q~("^y^--'^^F}:^iq)Fi%iq). 



k=l 



Y^{-lf-\-iX)-^^-^)-Fl%{q) = (-l)"-ig-(^)-("-i)'^F('^)(g). 



k=l 



h i-r^'-^^)k 



Remark. The notation we use is from Garrett Note that = e„ and F^'\q) 



(10.28) 
(10.29) 
(10.30) 
(10.31) 
(10.32) 
(10.33) 



dn+i, where e„ and dn are the sequences that appear in (10.1). Further, in the notation 
of Andrews [6J, we have Fn\q) = iS„(g) and Fi^\q) = Tn{q)- The a = case of (10.28) 



is due to Andrews [21 |3], see also Carlitz [m |T5] and Andrews [HI Theorem 2]. The 



a = case of the identities ( |10.29D , ( |10.30D , ( |10.31| ) are due to Garrett [I9]. The last two 
identities appear to be new, as do the first four identities for a 7^ 0. When a 7^ 0, then 
the numbers are called shifted g-Fibonacci numbers. 



Proof. These identities follow immediately from Theorem 10.6 by taking = 1, bk 
qk+a^ and replacing x„ by Fn\q)- Observe that F!f\q) = 1. 



To show (10.30), (10.31) and (10.32), we need to additionally make calculations that are 



very similar to those in the corresponding identities in Example 2.3 
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Next we give g-analogs of the Pell Number identities in Example 10.20 



Example 10.34 (g-Pell Numbers). Consider the q-Pell numbers defined as: Po{q) = 0, 
Pi(g) = 1, and 

P„+2(g) = (1 + Pn+i(g) + g"Pn(g). 

Then we have, for n = 0,1,2, ... : 



Pk{q) 



Pn+2{q) 



k=l 



k=l 

(1 + q''^') q-'^'^'^P2k+iiq) = g-"("+^)P2„+2(g). 
n 

+ q') q-^^^Pkiq) = q-^'^Pn{q)Pn+M. 



k=0 



(10.35) 
(10.36) 
(10.37) 
('10.38) 



k=l 



fc=0 
„2k-l ^ 

k=l ^ j = l 



i-q; q)kPk+2{q) 

l + q^ 



g;g)„+iPn+i(g). (10.39) 



1 + 2gi + gJ+i + g2i+i 

n 

i=i '- 



i^fc-i(g) 
1 + g 



l + q^ 



1 + 2gJ + gi+i + g2j+i 



i^n+2(g) 
1 + g 



^10.40) 



Remark. The g-Pell numbers were defined by Santos and Sills [34] . However, we have 
(for our convenience) redefined the recurrence relation a bit, and taken the initial values 



Po{.q) = and Pi{q) = 1. Our Pk{q) is Santos and Sills' Pk-i{q). Identity (10.37) is due 



to Briggs, Little and Sellers [121 Theorem 6]. Identity (10.36) is also due to these authors. 
The rest of the identities appear to be new. 

When q = 1, then these identities reduce to identities for the Pell numbers in Exam- 
ple [10]M 



Proof. These identities follow immediately from Theorem 10.6 by taking = (l + q^~^^), 
bk = q^, and replacing Xn by Pn{q)- Note also the initial conditions of the g-Pell numbers 
and the recurrence relation implies that P2{q) = 1 + q. I 

Remark. We can also define the shifted g-Pell numbers Pjf^ (q) by taking = 1 + g'^+'^+i 
and bk = q^^"" and derive identities for them, as done in Example 10.27 We can also use 



Theorem 10.6 to derive identities for the more general objects considered in [121 §4]- 
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Next we consider identities for the g-Fibonacci Polynomials. Fibonacci Polynomials satisfy 
the recurrence relation 

F„+2(x, y) = xFn+i{x, y) + yFn{x, y), 

with initial conditions Fq{x, y) = and Fi{x, y) = 1. If we replace x and y by 1, we obtain 
the Fibonacci Numbers. Instead, if one takes x = 2 and y = 1, one gets the Pell Numbers. 

Another interesting special case is when y = —1 and x t— )■ 2x. Then Fk{2x, —1) = Uk^i{x), 
where Uk = Uk{x) are the Chebychev polynomials of the second kind, see [71 p. 101] for 
the recurrence relation satisfied by Un- Here f/_i = and Uq = 1 and so Ui = 2x. 

Recently, different kinds of g-Fibonacci Polynomials have arisen in combinatorial contexts. 
Here we give identities for two of them. They also extend the Chebychev polynomials of 
the second kind and the Pell Numbers. 

Example 10.41. Consider the Goyt-Sagan WU^ q-Fibonacci polynomials defined as: Let 
Fi'{x,y,q)=0, Ff{x,y,q) = 1, and 

y, q) = xg"F„^i(x, y, q) + yg^'^Ff (x, q). 

Let F^^{q) = F^\x, y, q). Then we have, for n = 0, 1, 2, . . . .• 



k=l 
n 



E J^I-^^^-'Ffil) = ^l-^'i'^FiiM - 1. (10.42) 



k=l 



n 

E -k^l-'^^^'F^UM = -.^-""'FiU^) - 1. (10.44) 
k=i ^ ^ 

n 



k=l 



^\ ^, I i-qx^/y]q)i^ y" {-qx'^/y;q)^ 



Remark. The polynomials F^'^{x,y,q) were considered by Goyt and Sagan [26] with 
slightly different initial conditions. Our F^^{q) are Goyt and Sagan's and F^^_^{q) 
in Goyt and Mathisen [25]. Goyt and Sagan have proved the x = 1 = y case of (10.47). 
Set X = 1 = y m any of these identities to obtain an identity for the relevant g-Fibonacci 
numbers. In addition, one can set x = 2, ?/ = 1 to get identities for another g-analog of 
the Pell Numbers. 
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Proof. These identities follow immediately from Theorem 10.6 by taking = xg^, b 



fe-i 



and replacing x„ by -F„ (x, y, q). Note also the initial conditions of the Goyt-Sagan 



yq 

g-Fibonacci polynomials and the recurrence relation implies that F^^{q) 



Example 10.48. Consider the Goyt-Mathisen [E 
Foix,y,q) = 0, Fl{x,y,q) = 1, and 



q-Fibonacci polynomials defined as: 



FL.(x, y, q) = y, q) + yq^^^-^^ F'^{x, y, q). 



[-2V-^) y-i H) — XQ ^ n+l 

Let Fl (g) = Fl{x, y, q) . Then we have, for n 



0,1,2, 



,x" 



n(ri — 3) 



f! 



E 

k=l 



k=l 



X 



n+ 



qx^ + y 



(fc-2)(fc-5) 



X 



x{qx'^ + yY 



M - 1- 



(10.49) 



(10.50) 



Remark. The polynomials Fl{q) were considered by Goyt and Mathisen |25] with slightly 
different initial conditions. Our F.^{q) are Fj^_^{q) in Goyt and Mathisen [25]. Goyt and 



Mathisen proved the identities that follow from the first 4 identities in Theorem 10.6 
see Theorem 4.4, Theorem 4.6, Theorem 4.5 and Theorem 4.7 in [2^. (In two of these, 
we have to reverse the sum to obtain the identities in the form presented in [25].) Set 
X = 1 = y in any of these identities to obtain an identity for the g-Fibonacci numbers 
that correspond to the Goyt-Mathisen g-Fibonacci polynomials. In addition, one can set 
X = 2, y = 1 to get identities for another g-analog of the Pell Numbers. 



Proof. These identities follow immediately from (10.11) and (10.12) by taking = xq , 
bk = yq^'^^~^\ and replacing x„ by Fj^(x,y,q). Note also the initial conditions of the 
Goyt and Mathisen's g-Fibonacci polynomials and the recurrence relation implies that 
F/(g) = X, 



and F^{q) = qx^ + y. These two values show up in formula (10.50). 



Cigler [T7] considered g-Fibonacci polynomials defined as: 
Fo{x,y,q) = 0, Ff{x,y,q) = 1, and 

Ff+2(x, y, q) = xF^^^ix, y, q) + t{yq^)F^{x, y, g). 

Here t is a general function. Cigler considers special cases t{y) = y and t{y) = y/q. The 
1 and t{y) = y case is Sn{y, q) considered by Andrews [6j. One can easily write down 



X 



identities that follow from Theorem 10.6 for these polynomials, which will generalize the 
identities in Example 10.27 Cigler's polynomials are also motivated by work done by 
Carlitz 



and thus we can get identities for Carlitz's g-Fibonacci polynomials too. 

Finally, before closing this section, we note another generalization of Fibonacci numbers 
given by Ismail [SUj. These are defined as: -^0(6*) = 0, Fi{6) = 1, and 

F^+2{e) = 2sinh^F„+i(^^) + F„(e). 

Once again, one can take the = 2sinh^ and 6^ = 1 in Theorem 10.6 and derive 



identities for Fk{9). The identity that follows from (10.10) appears in Ismail |30] . 
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11 Concluding Remarks 



After studying Euler's proof of the Pentagonal Number Theorem, Andrews |1] emphasizes 
"how valuable it is to study and understand the central ideas behind major pieces of 
mathematics produced by giants like Euler" . 

We cannot agree more! As we have seen, an elementary identity appearing in Euler's proof 
of his Pentagonal Number Theorem can be used to prove a wide variety of identities. 
Its power is demonstrated by our EZ proof of Jackson's g-analog of Dougall's result. 
This is because all the key summation theorems of hypergeometric and g-hypergeometric 
series (for terminating and non-terminating series) are special cases of the g-Dougall sum. 



Similarly, Theorem 10.6 is able to unify many identities for many combinatorial sequences. 



Further study of Euler's Telescoping Lemma should be fruitful. A careful survey of Fi- 
bonacci identities can possibly yield generalizations to sequences of the kind considered 



here. In addition. Theorem 10.6 applies to orthogonal polynomials as well, since they 



satisfy a three-term recurrence relation, but we have hardly considered them here. 
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